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GROUPS
BRET BENESH
Abstract. A finite group G is said to be a POS-group if the number of elements of every order occurring in G
divides |G|. We answer two questions by Finch and Jones in [2] by providing an infinite family of nonabelian
POS-groups with orders not divisible by 3.
Let G be a finite group, and define the order subset of an element x ∈ G to be {g ∈ G | o(g) = o(x)}, where o(x)
denotes the order of x. We say that G has perfect order subsets if the number of elements in every order subset
divides |G|; in this case, we say that G is a POS-group. It is easy to see that Z2, Z4, and the symmetric group S3
are POS-groups, whereas Z3, Z5, and S4 are not.
This definition is due to Finch and Jones, who worked with abelian groups [2] and direct products of abelian
groups with S3 [3]. They provided the following open questions at the end of [2].
(1) Are there nonabelian POS-groups other than the symmetric group S3?
(2) If the order of a POS-group is not a power of 2, is the order necessarily divisible by 3? This is also
Conjecture 5.1 from [3], also by Finch and Jones.
The answers are “yes” and “no,” respectively. The first question was answered by Finch and Jones in [3],
although all groups were direct products of S3 with an abelian group. Das [1] answered both questions by proving
that there exists an action θ such that the semidirect product Zpk ⋊θ Z2l is a POS-group, where p is a Fermat
prime, k ≥ 1, and 2l ≥ p − 1. Feit also answered both questions by indicating that a Frobenius group of order
p(p− 1) for a prime p > 3 is a POS-group [3].
We now provide an infinite family of groups that simultaneously answers both questions. Let n ≥ 1, and
consider the group Z4⋊Z2·5n with the inversion action. The order of this group is 2
3 · 5n, which is not divisible by
3. Consequently, S3 cannot appear as a subgroup or quotient of any of these groups, as 3 divides the order of S3.
Table 1 summarizes the easy calculations required to find the size of each order subset of Z4 ⋊ Z2·5n (one can
use geometric sums to verify that all elements of the group are accounted for). Note that the number of elements
of each order divides the order of the group, thereby proving that the groups are POS-groups. This confirms that
Z4 ⋊ Z2·5n is a POS-group.
Z4 ⋊ Z2·5n , |G| = 2
3 · 5n
Order: 1 2 4 5m 2 · 5m 4 · 5m
Elements: 1 5 2 4 · 5m−1 4 · 5m 8 · 5m−1
Table 1. Here, n is defined so that n ≥ 1 and m is defined so that 1 ≤ m ≤ n.
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